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We show that the onvergene behavior of the many-body numerial diagonalization sheme for
strongly interating bosons in a trap an be signiantly improved by the Lee-Suzuki method adapted
from nulear physis: One an onstrut an eetive interation that ats in a spae muh smaller
than the original Hilbert spae. In partiular for short-ranged fores and strong orrelations, the
method oers a good estimate of the energy and the exitation spetrum, at a omputational ost
several orders of magnitude smaller than that required by the standard method.
PACS numbers: 03.75.Hh, 21.30.Fe, 24.10.Cn, 67.85.-d
The many-body problem of interating bosons or
fermions poses a ontinuous hallenge for quantum
physis. The omplexity of the quantum states inreases
quikly with higher partile numbers or stronger orrela-
tions, making it essentially impossible to solve the many-
body problem exatly. Thus, mean-eld methods are
often applied, being numerially muh less demanding
than any attempt to diagonalize the many-body Hamil-
tonian. Examples are the Gross-Pitaevskii approah for
trapped bosons [1, 2, 3℄, or the elebrated Kohn-Sham
equations [4, 5℄ for fermions, as often used in the loal
(spin) density approximation. However, these methods
an treat orrelations only in an approximate way, and
are proven insuient for strong interations between the
partiles. Quantum Monte Carlo alulations provide an
alternative approah in many ases (see for example, the
review by Harju [6℄), but have other drawbaks, suh as
limited aessibility of the exitation spetrum, a prob-
lem shared by the other methods. The development of
alternative diagonalizationmethods suh as, e.g., oupled
luster methods [7℄ is an urgent issue.
Faing the above problems with strong interations,
one quikly realizes that often, the only method of hoie
is the straightforward numerial diagonalization of the
many-body Hamiltonian. In fat, this has been tried for
a large variety of physial problems, ranging from nu-
lear struture (see for example, the review by Caurier
et al. [8℄) and quantum hemistry to artiially made
quantum systems suh as metalli lusters [9℄ and quan-
tum dots [10℄. However, with inreasing partile number
or stronger interations between the partiles, the num-
ber of basis states needed for an aurate desription of
the many-body quantum system inreases beyond om-
putational reah. Trunations of Hilbert spae beome
neessary  but often, for the redued basis, the results
are too inaurate [11℄.
In nulear physis, a signiant step forward has been
ahieved by applying the Lee-Suzuki method [12, 13℄,
that presribes unitary transformations on operators (e.g.
the Hamiltonian) to obtain eetive operators within the
redued basis spae. This method has been suessfully
used in so alled no-ore shell model alulations, for ex-
ample, where nulear systems with ∼12 fermions have
been studied [14℄.
Sine the experimental realization of Bose-Einstein
ondensation with old, trapped atoms, muh interest
turned to the physis of harmonially onned many-
boson systems. Although the trapping potentials today
onne thousands of bosons, the few-body regime does
not seem to be impossible to reah, having in mind also
the reent advanes with optial latties [15℄. Inreasing
tehnologial expertise with Bose-Einstein ondensates
on hips [16℄, together with the newly emerging researh
area of atomtronis [17℄, makes the need for further the-
oretial developments for a desription of old-atom gases
with strong orrelations an urgent issue.
In this Letter, we apply the Lee-Suzuki method  to the
best of our knowledge, for the rst time  to a system of
harmonially trapped spinless bosons with short-ranged
repulsive interations. The fat that the Lee-Suzuki
method works very well for the strong short-ranged inter-
ations between the nuleons enourages its appliation
to desribe old atom gases beyond mean-eld.
At this point we note that there exist alternative
ways of doing the unitary transformation. Two exam-
ples, so alled renormalization group transformations, are
Vlow−k [18℄ and SRG (similarity renormalization group)
[19℄. SRG is frequently used in nulear physis [20℄. An-
other example, related to SRG, is UCOM (unitary orre-
lation operator method) [21℄. In future studies, it would
be interesting to try alternative methods for the prob-
lem at hand, but here we have foused on the Lee-Suzuki
transformation. Another study whih applies the Lee-
Suzuki transformation on a non-nulear system is [22℄,
in whih the two-eletron problem in a quantum dot is
examined. Also, in [23, 24℄ the few-body problem of a
trapped Fermi gas is investigated with tehniques similar
to what is used here.
For an ultra-old gas of neutral atoms, the interation
between the partiles an often be modeled by a short-
range potential. We hoose to use a Gaussian distribu-
tion funtion parameterized by a range σ, and a strength
oeient g. We here let the system be (quasi-) two-
dimensional. The Hamiltonian is
2Interation strength Range Sattering length
g σ a
1 0.1 0.000283
10 0.1 0.0871
10 1 0.871
Table I: Numerially alulated s-wave sattering lengths for
some parameter hoies of the interation potential (all quan-
tities in osillator units).
Hˆ =
N∑
i=1
pˆ
2
i
2m
+
1
2
mω2r2i +
1
2
N∑
j 6=i
g
1
2piσ2
exp(−
|ri − rj |2
2σ2
),
where N is the number of partiles and m is the parti-
le mass. The hosen interation is normalized so that it
beomes a δ-funtion in the limit when σ goes to zero,
whih also allows us to avoid the mathematial diulties
of point-interations in onnetion to the diagonalization
of the full many-body Hamiltonian [25℄. In a old atomi
gas, the strength oeient g is related to the sattering
length between the partiles. The sattering length an
in some systems be experimentally tunable by Feshbah
resonanes [3℄. The typial length sale of the system is
the osillator length,
√
~/(mω). The range of the inter-
ation in ultra-old atomi gases is typially very short
ompared to the wavelength of the partiles; here we pik
σ = 0.1
√
~/(mω) for our alulations (in the following
the osillator length unit is used). This parameter will
be disussed in more detail later.
In two dimensions, the (s-wave) sattering length, a, is
usually dened to be a positive quantitity, see for exam-
ple Ref. [26℄. A two-body system will have at least one
bound state when the sattering length is larger than the
distane outside whih the interation potential is zero.
However, a purely repulsive short-range potential pro-
dues a sattering length that is smaller than the range
of the potential. For suh systems, an inreased attra-
tion (or redued repulsion) would derease a towards zero
and an even stronger attration would produe a bound
state and give an a dereasing from innity. The sat-
tering lengths orresponding to the repulsive interation
potential used here an be alulated numerially, see ta-
ble I.
The short-range interation between the partiles in-
dues short-range orrelations, thus one would need a
very large set of basis states in order to aurately de-
sribe the wavefuntion and to obtain a good estimate of
the energy of the system. However, one may perform a
unitary transformation of the Hamiltonian so that states
within a given model spae beome deoupled from the
ones in the omplementary exluded spae [12, 13℄. The
nite model spae and the omplementary innite spae
an be dened by the projetion operators Pˆ and Qˆ, re-
spetively. The original Hamiltonian of the system is
transformed to an eetive Hamiltonian ating only in a
subspae of the omplete Hilbert spae, while preserving
a subset of the original eigenvalues. Thus, given the ee-
tive Hamiltonian, the omputational eort in nding the
eigenvalues an be redued. However, even though the
original Hamiltonian ontains only one- and two-body
terms, the eetive Hamiltonian will in general be an
N -body operator. So far, no approximation has been
introdued, only an operator transformation given by:
Hˆeff =
Pˆ + Pˆ ξˆ†Qˆ√
Pˆ + ξˆ†ξˆ
Hˆoriginal
QˆξˆPˆ + Pˆ√
Pˆ + ξˆ†ξˆ
, (1)
where ξˆ is an operator ating as a mapping between
the P - and Q-spaes, satisfying ξˆ = QˆξˆPˆ . Note that
the transformation (1) is unitary and yields an eetive
Hamiltonian that is energy-independent and hermitian.
Hˆeff does not ouple states in the P -spae with states in
the Q-spae.
Unfortunately, to nd the mapping operator ξˆ one
needs the exat solution of the N -body problem, whih
is in itself the nal goal. Our simplest, yet nontrivial,
approximation is to develop a two-body eetive Hamil-
tonian. The approximation onsists in nding ξˆ2 for the
two-body problem and to ompute an eetive Hamilto-
nian for the two-body system. By subtrating the one-
body terms (kineti + potential energy) one thus obtains
an eetive two-body interation. This eetive inter-
ation is then used to onstrut the N -body eetive
Hamiltonian that will now ontain only one- and two-
body terms. Due to the approximation of the eetive
Hamiltonian, the obtained energies will not be bound
by the variational theorem. This partiular property of
the urrent method is in ontrast to the situation en-
ountered when using standard onguration interation
alulations, or quantum Monte-Carlo approahes.
Although this approah an lead to good estimates of
the energy eigenvalues, the obtained eigenvetors are in-
orret sine they do not ontain omponents from the
exluded Q-spae. However, the eigenvetors are of-
ten not interesting by themselves; only observables, ex-
pressed as expetation values of physial operators, are
relevant. Transformations similar to the one performed
on the Hamiltonian, an be applied to other operators
so that their expetation values an be obtained from
the P -spae eigenvetors. In the present study, however,
we restrit the disussion to the many-body energy spe-
trum.
For bosons, the many-body basis states are perma-
nents, with N partiles distributed over the single-
partile orbitals of the system. The trunation of the
innite basis is performed in the following way: Neglet-
ing interations, the state of lowest energy is the one
with all N bosons in the lowest orbital as dened by the
onnement potential, with energy E = ~ωN . We in-
orporate in the P -spae all many-body states with an
energy
E ≤ ~ω(N +Nmax),
3so that Nmax is a parameter determining the maximum
allowed energy of partile-hole exitations from the state
of lowest energy. The number of inluded states inreases
rapidly with Nmax.
In addition, all possible ombinations of two partiles
found in the N -body model spae (P ) denes the re-
strited spae of the two-body system (P2) that is used to
ompute the eetive interation. Having dened P2, the
Hamiltonian for the omplete two-body spae is trans-
formed. In pratie, the omplete two-body spae must
of ourse also be trunated. To this aim we take all two-
body states that an be onstruted using the rst 20
harmoni osillator shells.
The original Hamiltonian preserves angular momen-
tum (L), implying that we an restrit the basis to states
with a given value of L, thus limiting its size. We on-
rm that the eetive interation also preserves angular
momentum (within numerial auray).
First we use the method to alulate energies of a sys-
tem with only four partiles, N = 4, with an interation
range σ = 0.1. Here, we onsider only states with zero
angular momentum. For suh a small system, the stan-
dard onguration interation method an be applied.
Figure 1 shows results from both types of alulations.
For g = 1, both methods give good energy estimates
already at small Nmax. But for g = 10 the standard al-
ulations require a large basis set to obtain a reasonably
onverged energy estimate, while the eetive interation
provides an answer with signiantly less omputational
eort. Typially, for an Nmax around 5, the basis size is
of order 10, while for Nmax around 25 it is of order 104.
These numbers depend strongly on the system parame-
ters N and L, though.
Note that for Nmax = 0, the standard onguration
interation alulation redues to a perturbative alula-
tion, where the energy grows linearly with the strength of
the interation, g. In addition, for suiently large Nmax
the two methods will be equivalent, sine the P -spae is
then atually the full spae.
The method works well both for the ground state en-
ergy and the exitations. An interesting observation is
that for g = 10, at Nmax = 6 the standard alulation
shows a degeneray in the rst exited state. This eet
is spurious, however, sine the energies split up when a
larger basis is used. When using the eetive interation,
this false degeneray does not our.
Let us now turn to systems with larger number of par-
tiles. Figure 2 shows alulations for N = 9 bosons. In
the ase of g = 1 the eetive interation method again
very rapidly produes an aurate estimate of the en-
ergy. For g = 10, where the orrelations in the systems
are muh stronger than for g = 1, the energies obtained
when using eetive interations appear to have reahed
some plateau, but still show a slow derease with grow-
ing Nmax. In omparison, the energies obtained from the
standard alulations show a muh slower onvergene.
The onvergene behavior for an even larger system of
N = 20 partiles is shown in Fig. 3. In the ase of g = 1
Figure 1: Energies for a system of N = 4 bosons and total
angular momentum L = 0~, for dierent utos of the many-
body Hilbert spae (parameterized by Nmax). The range of
the interation is σ = 0.1, and two dierent strengths (g)
are shown. The blue dashed urves are the results from stan-
dard onguration interation alulations, while the red solid
urves are energies obtained using the eetive interation ap-
proah. While the standard alulations require a large basis
set to give a good energy estimate, the eetive interation
provides roughly the same answer with signiantly less om-
putational eort. (Please note that for small Nmax, there are
very few states in the P -spae, and onsequently only a few
eigenvalues an be obtained.)
Figure 2: Same as Fig. 1 but for N = 9 bosons. Note the
rapid onvergene of energies using the eetive interation
approah. For example, we note that in this ase a alulation
with Nmax = 6 requires 12 basis states, while Nmax = 20
would orrespond to 81097 states.
it is possible to reah fairly onverged results with both
methods. When g = 10 neither method is able to provide
onverged energies for the range of Nmax onsidered here.
An intuitive interpretation would be that Nmax should
be of the same order as N , allowing about one extra unit
of energy per partile, so that every partile has some
freedom to adjust in the system. Sine the number of
4Figure 3: Same as Fig 1 but for N = 20 bosons. For g = 10,
the energy obtained using eetive interation annot be said
to be onverged as a funtion of Nmax.
basis states grows very rapidly with both N and Nmax,
it seems that the method is most suitable in the strongly
orrelated regime; and makes it possible to study larger,
but not muh larger, systems than with the standard
method.
All results shown so far involved the L = 0~ (non-
rotating) states of the dierent systems studied. How-
ever, the method is not restrited to the non-rotating
ase. Figure 4(a) shows the energies for a system of
N = 9 bosons, at angular momentum L = 9~. Here,
the energy is not a stritly dereasing funtion of Nmax,
but aside from this the onvergene is similar to that seen
in gure 2. An energy obtained with the standard ong-
uration interation method is always an upper bound to
the true value, sine it is a variational approah. As the
size of the basis spae is inreased, a better or equally
good estimate is found. Calulations using an approx-
imated eetive Hamiltonian, as in this study, are not
variational so higher-order terms may ontribute with ei-
ther sign to the energy.
The Lee-Suzuki approah was invented to handle the
short-range orrelations in nulei [12, 13℄, and the short
range of the interation is known to be essential for the
performane of the method. For all results presented this
far, we have set the range parameter σ = 0.1. Figure 4(b)
shows results with a larger range, σ = 1, for a system
with N = 9 partiles. Apart from some deviations for
small Nmax, the eetive interation here does not give
an improved onvergene rate ompared to the standard
alulations. This result suggests that for σ smaller than
0.1 the method would perform even better than demon-
strated in e.g. gure 2. However, the numerial solution
of the two-body problem beomes more diult with de-
reasing σ, and our present implementation prevents us
from exploring smaller σ.
As mentioned, the orret eetive Hamiltonian would
in general be anN -body operator. It would be interesting
to examine how inlusion of e.g. an eetive three-body
Figure 4: (a) Energy levels (in units of ~ω) for a system of
N = 9 bosons and angular momentum L = 9~ (in this ase
there are no possible basis states for Nmax < 9). (b) Energies
for a system with N = 9 and interation range σ = 1 (L = 0~
states). See aption of gure 1 for explanations.
interation would aet the numerial onvergene, al-
though the two-body approximation is exat in the limit
Nmax →∞. As seen in our results, the obtained energies
typially onverge rapidly as funtions of Nmax, imply-
ing that an eetive two-body Hamiltonian is suient
in many situations.
To summarize, in order to alulate properties of old,
bosoni atomi gases with strong short-range interations
between the partiles, we have employed a unitary trans-
formation of the Hamiltonian. The transformation is
used to reover orrelation eets whih would otherwise
be lost within the heavily trunated basis spae we on-
sider. The method is in pratie a modiation of the
standard onguration interation approah. In many
ases it produes a good estimate of the energy, with a
omputational eort whih is several orders of magnitude
smaller than that required by the standard method. The
main advantage, ompared to many other approahes, is
the aessibility of the exitation spetrum with signi-
antly redued numerial eort.
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